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Abst ract. We report onthe scare)] for periodic grav-
itational wave in the mHz band conducted withthe
spacecraft ULYSSES. Gravitational wave signals gener-
ally provide information shout the distance of the souice;
ULYSSES' data have a “km” for each kind of source
onclooks for; for binarics the galactic centre is accessible
to our experiment. The Neyman Pearson method, with
its two strategies of ‘attempting detection’ and getting a
threshold for no detection,is discussed with great cm.
We didnot find significant evidence for positive detec-
tion, hut established, at the 90% confidence level, upper
limits to the amplitudesignificantly better thanprevious
work. Theweaker condition SNR =1 corresponds to sig-
nal amnplitudes k which vary about from 3 10'%t01071°
fromnlow to high frequencies. Similar results and thresh-
olds havebceen obtained for chirpedsignals in the lincar
regime, We have discussed these limits in relation to a
possible, conventional binary system of black holesin the
galacticcentre as a source. We found that in the plane of
the frequency and its rate of increase the corresponding
region Of significance is small; there we establish for ahy -
pothetical companion of a central black hole of 2106 M,
the upper limit of ~ 5800 M.
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1. Introduction

The space probe ULYSSES has been continuously tracked
in a Doppler miode for 28 days from Feb ruary 20 to March
18,1992. In addition, 23 passes (including 3.5 days of
continuous track ing) arc avail able from the another mea-
surement set about the first solar opposition; however,
at that time the round-trip light- tiime 7', about 600 sec,
implied a low frequency cut off seven times larger and
less interesting data. A description of the experimental
setup is given in {Bertotti et al. 1992), where earlier ref-
crences are given about the Doppler method; a prelin i
nary report is found in (less 1994). Generally speaking,
the quality of the data, as described by their Allandevi-
ation o,(7), was generally worse than the nominal target.
for the experiment (o, = 3 10* 4 at an integration time
= 1000 see); in particular, data taken at the end of the
observation period and near the opposition (at whichim-
portant manacuvres affected the spacecraft dynamics and
disturbed the Doppler observable) were noisier and have
not been used in the present analysis, basedupon data of
14 days, from day GO to 74 (secFig. 1).

Animportant and new asset Of our experiment was
the usc of two different down-liuk carriers, inS-band
(v1s = 2.293 GHz) and X-hand (v;= 8.408 GHz); the
up-link carrier was instead at asingle, S- band frequency
(1= 2.112 GHz)and domnaated the plasma noise (for
astudy of multi-frequency links, sec Bertottiet al. 1993. )
Morcover, for mnore than 2/3 of the timic,a (VLBI) receiv-
ing station, in ltaly or Japaun,inadditionto those of the
Deep Space Network (DSN) of NASA, was used; the comn-
parison and the correlation between these four, partially
independent, time series have been very important n un-
derstanding and reducing the noise (sce less et al. 1987).
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A uother Doppler experiment involving, besides ULYSSES,
GALILEO and MARS OBSERVER (which used an X-
band carrier both up- and down-link), was carried out for
21days in March 1993.

While ordinary binary stars have afrequency below
crur band, cut ofl at aproximately the reci procal of the
round-trip light-time 7" & 4400 sec, in a scenario of gen-
cralized merging of galaxies, if the parent systeins contain
i their cores massive black holes, their binding could pro-
duce nnportanttrains of gravitational waves. The Doppler
response to such a class of sources hasbeen discussed in
Wahlquist (1987); a search in the range 30 to 2000 sec con-
ducted with the Pioneer 11 data (Armstrong et al. 1987)
has set. a 90% confidence upper limit at the dimension-
less amplitude of 610-14. Anderson et al. (1993), using
PIONEER 10 data set up an upper himit of 710-15 for a
letection at SNR = 1

Fig. 1. The daily Allan deviation 4,10 at an integration time
1 = 1000 sec for the DSN (squares) an d the V1, Bl data (plus
signs); opposition occurred on day 58. The enhancement in the
last 4 days was probably due to theinterplanetary plasma.

In tile present paper particular care is devoted to sta-
tistically rigorous criteria to decide about our results, We
wishto avoid two errors; false alarm and false disinissal; in
an experitnent like ours,in which the probability of success
is low, we consider the foriner as primnary. Following the
Neyman Pearson theory, we construct in the space X of
t he observable quant it ics (for periodic. signals, the squares
of the spectral amplitudes of the Doppler record) a subset
X corresponding to announcement of detection (with a
given false alann probability a); this set should be chosen
in such @ way as to minitnize the false disinissal proba-
bility. If the record is not containedin X , for any given
gravitational wave amplitude h, we construct snot her set
A'G(h) corresponding to no detection and increase huntil
the data point lies on its boundary. This determines an up-
perlimitto the amplitude, with a given level of confidence.
The use of different (up to four) different Doppler records

although not quite independent - makes our experiment
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similar to a coincidence experiment and has alowed rejec-
tion and understanding of troublesome outliers.

The emission of gravitational waves by a binary near
the coalescence phase produces a characteristic increase
i its frequency (“chirping”), with a well definedlaw;ihe
technique to extract this special signalfrotn the noise have
been discussed and applied to real data by 1'into & Arm-
strong (1991) and Auderson et al. (1993) in the case in
which the acceleration of the frequency may be neglected.
In the present paper we have used it, too (Sec. §); its
statistical foun dations are discussed in two appendices.

The problem of the construction of adequate filters
to detect. coalescing binaries has been discussed inseveral
recent papers in connection with the future interferometric
detectors {Sathyaprakash & Dhurandar 1991, Dhurandar
& Sathyaprakas h 1994, Dhurandar et al. 1991, Blanchet &
Sathyaprakash 1994, Kokkotas et al, 1993). Most of them
deal with the exact expression of the change in frequency
and amnplitude; our work has the advantage of dealing with
real data

2. Theken® of ULYSSES

Wide band obscrvations of gravitational waves generally
provide information about the distance of the source. Col-

lapses emit at the characteristic frequency

ky
and produce a a distance r anamplitude
M
h = \/(—,'“. (2

Here ¢ is the efficiency with which rest energy is radiated
away; this quantity is uncertain, but should lic between
0.001 and 0.01. Masses arc measuredinscconds: a solar
mass IS 4.8 psec.Foran axially symrmetric collapse Pi-
ran & Stark (1986, p. 64) have estimated the constant
k;between 0.035 and 0.08. The frequency of observation
determines (withk1= 0.06) the collapsing mass

1.3104 H2 mhz
- Ms=1.310-

the amplitude then determinesthe distance

" -13
r = 7k (5'-'?2) (-1.0} ) Mpe.
(]

The Virgo cluster is at 20 Mpe.

For periodic sources we have a standard model for
the emission Of gravitational trains in which the energy
loss, excluding other losses, like friction with a medium,
is proportional to the square of the third derivative of

M= ) My ©)

(4)

® From the Oxford Dictiouary: ‘range of sight or knowledge’.
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the quadruple moment. In this case the orbit soon be-
coines circular and we have a wave train of increasing fre-
quency, ainpli tude and bandwidth, until final coalescence
occurs at, say, {="1o- It inust be noted, however, that in
presence of friction the eccentricity inay increase, rather
than decrease, giving asignal of entirely different form
{(Ebisuzakiet al. 1991; Fukushige & Fbisuzakil992; Vec-
chio etal . 1994 and other paper s,) T'he presence of a dipole
coutribution in the emission of gravitational waves (e.g.,
dueto a radiating “fifth force”) would aso give adiflerent
signal (Bertotti & Sivaramn 1990).

For a strictly periodic signal the Doppler observable
v = Av/ris deteninined b{’ the dimensionless amplitude
hy = [,’w,,u,—,uconstruct,e( with the null four- vector ©

along the ray and is given by the real part of
y= F(f1,0)hy, (5)

where 7' = 21, is the round-trip light -time. The instru -
mental factor

1- cos@
| - +
2

generally of order unity, satisfies O <[F|< 2; it goes to
zerowhen f7'-+ O and aso when O, the angle between
the source and the spaceceraft, tends to O or n.The first
limit is required by the Equivalence Principle, the second
by the transversal character of gravitational waves (which,
by the way, has never been tested). Inthe form

cos fo-Mi4cos )T __ Ty cosf. 2T

o (c~ni(Hcosﬂ)jT _ ]) cosf 4

il T I+ cost
(7T 1) -~ (®)

the two limiting behaviours arc apparent: when f1' <<1
P(fT, 0) =nifT(1- cos® 0) + O(f71')*;
when Coso =4 (1 + 6)

-~ 2xifT _}
rrey = |6 - ,  — mil1H4 0(62).
Inthe conventional view the emissionof gravitational
wave by a binary with totalmass M and reduced mass p
depends on the mass parameter

m = 3O MP (7)
which appears both in the amplitude

\ﬁif) md/
2

3
h RGOS ®)

and in the frequency

3/8 1

;715/8(10 -

5
nf(1) : (3¢ iyoie (9)

‘The time to coalescence to —t and the frequency determine
the mass parameter.

The factor v/35/21in h results from averaging hi over
the (unknown) polarization angle » and the {unknowun)
angle « between the nornal to the orbital planc and the
direction from the source to the observer;they appearin
iy m the combination

2(1 4 cos? 1) cos 2 - 4 cossin 2¢.

The time to coalescence is related to the distance by

1 5122% Y
- - = - e } i - / s
-1 2v35 i f° = Al f (lo)
The number .
oo 2
2V/35

isabout 427.

A Doppler record can be analyzed in four diflerent
ways, corresponding to decreasing time to coalescence and
increasing distarice:in going down the list we do increase
our ken, butatthe expense of looking for sources of shorter
lifetime.

1. At small distances we canscarch for a strictly sinu-
soidal signal; for a record of length 7 (withthe ori -
gin of time in the middle) and a frequency resolution
ANf =1/T this requires

Tvdf 3 NS 1
2 7dT 161, ¢ ST (12)
or

1 . 16 1
== Ahrf? - - . .
fo - dhrf© < 3 J1e (12)
Taking for reference typical ULYSSES® values, thisim-
plics

16 1

r < (13)

YWYEHE

51075\ /10%sec\® [mlz\®
} 70'”(' h) ( i ) (f)

The galactic centre is marginally reachied a low fre-
quencies.

2. We can extend our kenby looking for alinearly chirped
signal, characterized by the paramecter

_ 4

= (14)
it must fulfil
R IRy aEmof 1
8 di ~ 8 di2 T 864(te- 1) "1y’ N
that is to say,

1 16 1 2 -
AR R P 1y.
-1 <75 727 VsV 1o
The previous ken rp is now extended to

9 .

R LV 11 r =
! 33\/f 17

e (T 1/2 i

=B (mHz]O" sec ' 1
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C3If

| 1 16 1 3
s e m s [
o-1 Ty 8117 1677
we can search the whole record for the chirped signal
with the appropriate, non linear law. In this case the

ken is ill larger:

(18)

h

: 19
(milz 106 sec) (19)

r < 56 J1 ry = 190 ry

4 "Torcach greater distance we must use even shorter
trains,in which coalescence itself is included in the
record; this class of sources merges with the wide band
pulses. The pulse search with ULYSSES® data will be
discussed in another paper.

3. Crit eria for detection

We review now the detection criteria for periodicsignals
(see,e. g., Tinto & Armstrong 1991); the problem of detec-
tion with two or more correlated records will be discussed
in a scparate paper.

A strictly periodic binary system produces a peak in
the spectrum Sy(f) of the Doppler observable at twice
the orbita frequency (and its harmonics if the cccentricity
docs not vanish). A secarch for such peaks with arecord of
length 7y is based upon a discrete realization Sy (fx) of the
spectrum, at frequencies S spaced by 1/77. We assuine
thatthe ainplitudes of the spectral noise are gaussian and
uncorrelated, with variance (Sy(fx)). The gaussian char-
acler is expected on the basis of the Central Limit The-
orent: the amplitudes are lincar combinations of a large
number of randon variables, the Doppler record itself.

The normalized spectrum

Sy(e)
(Sy(f1))

defines our sample space X = {4} (restricted tononneg-
ative values), with N dimensions. In ULYSSES’ record
undcr consideration N =z 65, 000. in practice, since a sin-
gle record is available, the average spectrum(Sy(fx)) is
approximated with the average over the band around fi
where thespectrum isapproximately constant; indicating
with a prime this summation and with N’ the number of
such terins, wc shall dea with

e SO S
7\"7 ):_; Sy(fi) o?
o?is themeanspectral amplitude, slowly varying with fre-

quency. Similarly, the amnplitude Fh of a sinusoida signal
corresponds to a normalized spectral peak

(20)

'Tk =

(21)

.

le] o (22)
Our procedure (sce, e.g., Silvey 1970) airus at avoid-

ing two different errors: @) fasely declaring detectionand

b) falsely distnissing detection. We proceedin two steps,
First we undertake to deterinine whether we are alowed to
declare detection (option A)); in this case we give priority
to avoiding error @). If this doesnotsucceed, we 0ok for
the conditions under which we are allowed to declare no
detection and thereby set up anupperlimit to & (option
B));in this case the error b)is primary.

With the assuinption that the noise is purely random
and white, the observable 2, has the siinple probability
distribution

po(ae) = exp (~ 3 a-k) = 1 Polan), (23)
k k
with volume element
dVz = ] dos
k
We have indicated with
Po(a): K- (24)

the probability distribution for asingle bin. Inthe rea case
the assumption of a flat spectrumis not quite correct, but
this assumption can be tested with the data (see Fig. 3).
Neglecting the (small) correlation bhetween different spee-
tral bins decreases the probability of false alarm; however,
since we shall declare no detection, this has the effect of
making our threshold somewhat higher than necessary.

in option A) we shallaunounce detection if one or more
of tile coordinates is larger thanathreshold#,to wit, if
z; lies outside thecube Cs of side #. This threshold is
determined by the requirement that the false detection
probability is ck, that is to say,

1- | d¥rpo(a) = 1— (1 - )N = a. (25)
Cr

Since a < 1 this is approximated by

Ne ®= a4 5024 (26)

In ULYSSES’ cam, with N = 65,000 anda = 0.1, a:
13.38.

I n option B) we introduce in X the probability mea-
sure pu{zg) when asigual of amnplit ude F'h and random
phase is added to the gaussian noise; for a single frequency
it is given,iuterms of the Bessel function of imaginary ar -
gument Jo(2), by Rice’'s distribution (sce Whalen1971and
Rice 1958):

Pa(a) = e 71 h(2)e| V). (27)

It is properly normalized to unity. For the whole set
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ph(a) = -Q,I () ]T Poas) =

134
]{; >: exp (»— }; I — cz> lo(2|e]\/x5).  (28)
j i

Jlabels the spectral point where the signal is found, as-
sumed to lie with equal a priori probability in the observed
spectral range. Note that in doing so we neglect the fact
that, at a given amaplitude and for given masses, the dis-
tance of the source increases with the frequency (eq. (19));
thus the a priori probability of a signal increases with the
frequency.

We choose to declare 110 detection if no spectral com-
ponent is larger than anew threshold #’, function of the
amplitude and determined by the false dismissal probabil-
ity

A

gt

dNepi(ai) = a(z',]e]) =

=IO (29)

“’/ dr Py(r).
This corresponds to the probability of a signal being
present only in the bin with largest amplitude.
Inpractice, for a given record, and after having care-
fully climinated all the spurious spectral components
which can be ascribed to other causes and therefore are
notrandom, we set &' equal to z,,,the largest of the »;’s
and declare, at thelevel of confidence 1 — @, nodelection,
if the .normalizedamplitude is smaller thanthe threshold
le(¢)] given by the previous equation . The function

/ " 4 ra(z) = Q(VAlel, Vo)

can be written in terins of Marcumn Q-functlion

v
Q(u,v) = 1~ / dww exp [»(» ot
0 2

which has been extensively studied (Whalen1971, Sec.
4.4).

\f'lien u =|c|]v2 and v = l,
using the asymptotic expression for the Bessel function,
we see that miost mass of the integrand lies near u, so that
1- Q<<] and

)] Io(uw), (30)

a=(1-Q)(1~Ne ¥ . 4..01-Q+ ...,

almostindependent of N. The danger of false dismissal
mainly comes from the bin with largest amplitude.

Inthis case it iS convenient to map the probability o
into the normal gaussian variable s:

a(z, le) =

(31)

\/27[ _mds exp(-5"2/2).
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For instance, whena = 0.1, s == -1.30. In that linit we

have the ‘rule of thumb’
V2 = 2| + s

in other words, thevariable Vil is normally distributed
around the mean v2)c|. Whenid'= 13.38 this gives
le] = 4.58. In both options we have chosen a simple
and practical class of partitions of Xi.e., N- dimensional
cubes. However, this partition dots not quite fulfill Ney -
man Pearson criterion, which requires also to minimize
the risk of false dismissalinoption A) and of false detee-
tiou in option B); in principle one should consider general
partitions. Formally, in option A) let N = XoUN, where
X1 is the ‘detection’ sct, with

(32

d rpo(a) = a; (33)

Ay
in option B), for a given signal level ¢, let X = X[ U X}
where X} is the ‘no detection’ set, with

dNapy, (2%) = a. (34,

Jx !

[}

A way to construct thesce partitions is provided by the
Neyman-Pearson theoremn. Considering first option A), we
construct, for all positive numbers k, the class of sets

s Ph (Jk) >k

)vk . {:rk “ I'U(J’k) _ }

(39
The appropriate value of kis determnined by eq. (33).
In our case the Neyinan Pearson surface

pul(a)
I'O(Tk)

} exp (- ¢ o(2]el\/x5)

o« ) Io(2lely/aj) = K (36)
J

is of iuterest far from the origin, corresponding to large
thresholds; also, |e/ >> 1. The functionlo(2|clv/2), for Jarge
values of the argument, increases exponentially with /z;
hience we expect the sunmumationinthe previous equation
to be dominated by the largest coordinate 2, and be ap-
proximated by:

= To(2lelv/zm)-

Since the Bessel function To increases with its argument,
hience with z,,,, X'k consists of all points in X for which
the largest coordinate is greater thatsomne value »,, deter-
ined by k (and 0). The complement X« of thissct is just
the cube of size r,,. Our choice of tile “no detection set”
dots not quite minimnize the false dismissal probability and
will give a threshiold somewhat higher than necessary.

(37)
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4. The data sct

As explainedin (Bertottiet a. 1992), the data have been
obtained using open and closed loop receiving systemns at
the DSN station and Digital Tone Extractors (DTE) at
the VLBYantennas. The three different. types of data have
been preprocessed and reduced to data sets with the same
structure and content (the sky frequency of the received
radio signal with ancillary information).

The output of open loop receivers is essentially atine
scquence of voltage samples of the down converted carrier
sighal. The mneasurement bandwidth can be selected ac-
cording to the signal slew rate and SNR. For the ULYSSES
experiment, where the frequency drift is low and the only
relevant information resides in the main carrier signal, the
bandwidth was chosen to the sinallest available value (100
Hz, corresponding to asampling rate of 200 Hz). Inspite
of the low sampling rate, about 6 Gb of openloop data
havebeencollected during the 28 days of the experiment.
‘The reconstruction of the sky frequency was perforimed
witha digital phaselock loop programmed at an integra-
tion time of 1 sec. Dueto their superior quality, especially
at high frequencies, openloop data arc the primary data
set of the experiment.

Closed loop receivers arc routinely employed by the
SN for spacecraft tracking and radiometric mcasure-
ments, These data have been used as a back-up whenever
openloop data were not available, provided that the time
sequence had no appreciable degradation.

The Digital Tone Extractor (DTE), built by G. Co-
moretto, has been designed to measure the phase and the
amplitude of a coherent signal at the output of a MARK
111 VILBlreceiver . The digital data stream from the
MARK 111 is correlated with asine and a cosine wavefonin
generated by the }]- mascer at a frequency programined by
a control computer. The output of both mixers is then
low- passed through an integrator to reconst ruct the phase
and the amplitude of the received signal. The whole sys-
tem acts as a fully programmable, real-time phase-locked
loop. Wit h the flexibility of an open loop system, the DTE
has the advantage of much less requirements for data stor-
age.

Once the sky frequency have been reconstructed from
the recorded data, a careful procedure hasbeen used to
edit the outliers, eliminate {as far as possible!) the ordi-
nary Doppler eflect and the contribution of the intervening
media (Bertotti et al. 1992, Agrestiet al. 1986). The or-
bital Dopplershift can be removed either using the Orbit
Determination Program developed at Jet Propulsion Lab-
oratory (Moyer 1971) or by fitting the data to alinear

combination of the six functions
1, 1, sinwgl, coswgl, tsinwgl, {coswgl,

where wy: is the angular velocity of the Farth (Curkendall

and McReynolds 1969). In a later paper we shall discuss

also thenoise structure and compa te the two methods; in

the present paper we confine ourselves to the much shinpler
six parameter fit. Note a]so that the separation between
the orbital contribution and the gravitational signal, at
least a billion times sialler, 1s possible because the former
has amain part at the time scale of 1 y and a line at the
frequency wy;.

The secoud largest contribution to the frequency shift
(although a million times smaller, 20 to 40 mH2) comes
from the time-varying, elevation-dependent optical pathin
the troposphere. Several models may be employed to cal-
ibrate or fit out this cflect. We have used a deter mministic
calibration which combines meteorological data measured
at thetracking dtes with asimple geometrical model due
to Black and Fisner (1984). The raudomus fluctuations of
the tropospheric refractive index arc believed to be neg-
ligible a the scnsitivities of the preseut experiment and
have never been clearly detectedin our data.

The ionosphere produces similar, although more com-
plex, contributions. The ionospheric path delay varies not
ouly with the elevation, but aso as aconsequence of day-
night changes of the plasma density. Although it is pos-
sible to filter out this contribution with a polyvnomial fit,
it is far more reliable to exploit the dispersive propertics
of theionosphere and estimate the psth delay variations
from dual f{requency or Faraday rotation measurcinents.
The DSN routinely provides, for each passage, a polyno-
mial interpolation of the expected path delay along the
liwe of sight to the spacecraft. Since the raw ionospheric
data are obtained with spacecraftindiflferent parts of the
sky, amodel of the ionosphicre is used. The degree of t he
interpolating polynomials is ingeneral low (4 or 9)and,
therefore, the data can compensate only for long time scale
variations (shout 2 h). As for the troposphiere, random
ionospheric fluctuations should produce a negligible effect
and rosy be partidly compensated for in a dtatistica way
with the Wiener Jilter described below.

The interplanetary plasma is likely to be the dominant
noise source in the ULYSSES experimient and therefore a
special effort has been devoted to its reduction. We have
applied a statistical compensation procedure based on a
Wiener optimnum filter {Bertottiet al. 1993;see also Savich
1973). The filter estimates the up-link plasma contribution
near opposition from the down-link contribution, obtained
as a linear combination of the .S and X band observable
quantities:

o Jhus - fRux 38)
Ji-J%
T'he employed Wicner filter is also nearly optimal for the
random noise due to thetonosphere, which is therefore
reduced. An overallreduction of the Allan deviation of
about 30% of the Allan deviation hasbeen obtained at
long time scales (500 to 1000 scc).
W c have considered only atime sequence of 14 days
(sec Fig. 1) and based our analysis onthe S-and the X-
band phases of:
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the DSN data for 6770 of the total time;
the V1I.BI data for 63 % of the total time.

The S-band was always noisier than the X-band. ‘I'he
VLBI data are always available in conjunction with si-
multancous DSN data. FEach record consists in a sequence
of numbers y(l,-),wit.h sampling time Al Of 1 sec for the
DSN record, 0.4 and 0.25 scc for the D'TE at Medicinaand
Kashima, respectively. Although the tracking has been
continuous from all DSN complexes, it has beenimpos-
sible to usc open loop receivers at the Deep Space Station
(DSS)12 at Goldstone, which were scheduled to startop-
crating on day 64.Because of their larger noise at high
frequencies, ingeneral we have riot used closed loop data;
the gaprsin the DSN data are mostly due to this reason
and not to poorer performance. The data have becn omit-
ted when a poor stability couldbe traced to hardware
malfunction, spacecraft manceuvres or bad weather. Since
there was no coverage incorrespondence to the Goldstone
passagces, thee VLBI sequence shows gaps of about 8 hours
every day, so that the two time sequences (DSN and VI.BI)
alimost overlap. Also we didnot include data acquired at
clevations below 15° for reception a a different station
{three way) and 20° for reception at the same station
(two way). The ramoval of the orbital Doppler shift in
shortthree way passages has been done with the Orbit
Determination Program.

Unfortunately the spectra are corrupted by the rota-
tion of the spacecraft, with nominal frequency 1/12 Hz,
andits variation; this produces directly or, throughalias-
g, indirec tly, many strong lines above fo= 5 10°117. 1t
is interesting to note that the analysis of these lines pro-
vides accurate information on the attitude of the space-
craftandits rotational motion (less and Arduini 1994).
We have confined our analysis to the baud between fi=
2.3107% Hz == 1/7" and f2, including about

N=/271=65,000

spectral bins of width1/71 = 8.3 10'H s.

\$ hilt 1/7) is the best frequency resolution attain-
able with a discrete Fourier transformn, one wonders if,
for the only sake of determining whether a line is present,
a coarser spectrutn provides a better aternative. The an-
swerisnot obvious: while the averaging depresses the sig-
pal, by diminishing the number of degrees of freedom of
the noise, it also impairs its possibility of simulating large
spectral lines. With an analysis of the false alarm prob-
ability onan averaged spectrum we have confirmed that
this isnot the case.

5. Threshold for periodic signals

Fig. 2 confirms the expectation that the spectral ampli-
tudes have a gaussian distribution, except for two outlying
lines. In the observed distribution of occurrences of the
DSN time sequence the lines that lic above the threshold

7= 13.38, correspronding to a= 0.1, or 90% con fidence
level, occur at the following frequencies and normalized
amplitudes

1.1.66590 102 Ne,
2. 3.3333910-2117

16.1;
13.5;

‘1"heir expected number of occurrences Ne™ T ina sainple
of 65,000 binsis, respectively,6.610" 2and8.9107% They
dc.serve attention as candidate signals.

However, none of these lines can be attributed to grav-
itational waves and detection (option A ) IS not at tanied.
Indeed, the VLBI time sequence does not show any outlier
of this magnitude and any coincident power enhancement;
indeed, the normalized amplitudes at these frequencies
the VI Bl power spectrum are 1.1 and 3.8. The nature of
these line is not yet fully understood. A possible expla-
nation, that needs however further investigation, could be
the aliasing of strong high frequency lines duc to therota-
tional dynamics of the spacecraft. Since the final Nyquist
frequency for the 1SN record waslower than for the VLRI
data (the sampling time At was set at 0.25 sec at Kashima,
0.4scc a Medicinaand 1sec for the DSN open loopmea-
surements), all rotational lines that lic between 0.5 and
1.25 Hz are aliased only into the Nyquist baud of the DSN
mecasurements, while are correctly filteredoutinthe D'T'E
data processing. However, one cannot ¢X¢l ude an instru-
mental origin.

Following option B, we therilook for upper Himnits to
the signal amplitude. The simpler way to estimate the
maximum amplitude of a signal hidden in the noise is to
consider the 1o detection level,i.c. to measure, for cach
frequency, the spectral level corresponding to a normnalized
amplitude r = 1. Such a line would give rise to a false
alarm with probability 1/¢ = 0.37 and, therefore, about
37% of the lines would appear at a higher level. Thislevel
corresponds roughly to asignal with the same magnitude
as the noise (SNR = 1). The ollc-sided power spectral
amplitude is related to the dimmensionless amplitude & of
a sinusoidal gravitational wave through the relation (see
eq.(5) for the definition of )

W= it oD (39)
ol 1

This quantity is plotted in Fig. 3 for the DSN (lower
curve) and the VLBI data (upper curve), withthe generic
value 1 for the (unknown) instrumental factor |F'|. As ex-
pected, the sensitivity of the VI, Bl data is worse athigh
frequencies, due to thesmallersize of the antennas and
larger thermal noise. Onemay conclude that, using the
smoothed spectrum as a fig ure of merit, the sensitivity of
the ULYSSES experiment varies fromn shout 3107!° at
low frequencies to 107'® at high frequencies. The experi-
mental curve can be fitted with

h(f)= 310- 'S(f/Hz)" 0% (40)
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However, the analysis of Sec.3 andeq. (32) inpartic-
ular,shows that signalsup to about 4.6 times this level
canbe hidden in the data record, without giving rise to
detection, at the 90% confidence level.

Fig. 2. The histogram of the dimensionless spectrum (eq. (20))
confirms its gaussian character. Squares and plussigns refer re-
spectively to the DSN and VI, Bl time sequences. The outlying
points are discussed inthe text.

Fig. 3. Equivalent dimensionless amplitude of the gravita
tional waves obtained from the DSN (solid line) and VLB
(dashed ling) time sequence. The spikes in the DSN data arc
discussed in the text.

G. Chirped signals

We confine ourselves to linear chirps (egs. (14) and (15)),
asiinple generalization of strictly periodic signals which
1s free from any assuinption shout the prevailing cnergy
loss (or gain!) of the binary system. (However, we have
nmnplicitly assumed an almost circular orbit; note that the
dynamical friction withthe background may wcrease the
cccentricity (Ebisuzakiet al. 1991; Fukushige et al. 1992;
Vecchio et al. 1994).)

wave trains with the spacecraft ULYSSES

The method, as developed by Tinto and Armstrong
(1989), consists in multiplyin g the record y(t) by G(1) =
exp(—xift?) - which changes cach frequency at the rate 3
- and considering the spectrum of the product y.(1, 8) =
y(1) G(t). The allowed range of 3 is determined by the
requirement that the (positive) frequency stays withinthe
band { f1, f2); denoting with f the frequency in the middle
of the record, this means:

oS- N <TB< AL~ f).

The frequency resolution1/71ent als the best possible
resolution 2/7% for B;this gives inthe (f,718) plane a
total of

(41)

N = (fo- 11)217 = f207 = N?

available points.

Physical arguimnents restrict the relevant dorain fur-
ther. 3 should be positive, corresponding to an energy loss.
If the lossis due to gravitational waves, auothier constraint
comes from the neglect of any acceleration in frequency;
to wit, the frequency chiange between the iiddle and the
end points of the observation run must be less than the
frequency resolution1/74

1818 < 8.
Since the frequency changes like 1/(ty )38, the braking
inder (well knownin the theory of pulsars) is

(42)

and heuce, as also noticed by Tinto and Armstrong 1991,

2
I 3[3 .24 43
17 7 < 1 (43)
Numerically this reads
B < 1.1107°\/f sec H2?. (43)

A lower limit would be obtained analyzing together two
runs separated in time.

The relevant domain is divided in two frequency ranges
by the frequency f*, where

N Y
(f2- )= ‘ll'f‘ll

Since T1f2 >>1 we obtain

S
f'z - \/; ]7'1 !

not very different from fo. We can now evaluate the total
number N! of relevant points in the (f, 713) plane at the
maximuin resolution. The first interval prevailsand gives

2
-

3 (44)

»1617(73]?)3/? ~ & 108
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If the chirp is caused by gravitational waves, the de-
modulation of the signal should produce three lines in the
power spectrum, at frequencies
14 cost

I AR
(‘Tuto and Armstrong 1991). These lines can be resolved
only if 3711 > 1 ; since the rate is limited by (43), this is

nmpossible if

TN T

e <1 45
“11 1] ( 'J)

In our case this numnberis 0.4.

Themultiplicationby G(t), of course, does not change
the gaussian character of the variable; moreover, since
|G(1)|is constant, y.(t, B) is obviously white if so is y(f)=
ye(1, 0) (However,inthe non linear regime the change in
amplitude will add colour the spectra. ) H errce the normal-
ized spectra of the noise, 2. £(8) = |ye, ¢ (B, for a given
3, are st ill uncorrelated and exponentially distributed ac-
cording to eq. (24); butthe amplitudes for different 3’s
are correlated.

For a simpler forinalisin we take the quantity y.(f, 5)
(and, of course, y(?)) already (in the average) whitened
and normalized; then in the average

(v (")) = Thé(t 1)

and, for the complex spectral amplitudes

1 /2
Y = :;‘/ diy(t) exp(-2mifit),
17,2

(Wiun) = Sxn{ai) « nx
For the chirped variables

(Wi, D yct', P)) =T16( - ') expl—-in(B - B)t?] (46)

and, taking the Fourier transform

CAL,AB) = (e (Byen(B)) =
1 T2

. dt expl- 2ntAf - int?AB), (47)
1 J1, /2

with

Af = fi - fn, AB=p- 6,

This is the required correlation function for the spectral
amplitudes in the (j, 718) plane, with the correct be-
haviour when Ag = O. It is norinalized to C' (O, O) = 1;
elsewhere [C(A |, AB)| < 1. This correlation function
determines the (gaussian) probability distribution w(y,)
for the noisc in the space of the complex amplitudes

Y = A{we, « (A}

We look for the value of 8 - cdl it [3‘- whichinakes
maxg {z.:(8)} largest and take it as the candidate for the
‘true’ chirping rate. The data space Y has now a much
greater number 2N, of diincensions than before; the noisc
has a greater chance of siinulating the signal and we ex-
pect a higher threshold &, for false alarm.The rigorous
answer to this question entails integrating w(y.) over a
N, -dimensional cube, @ seemingly itnpossible task: we use
instead a heuristic method.

The total number of effectively independent modes
Nec et =- NNg o IS the product of nuinber N of frequency
bins and the nutnber N o Of the cffectively independent
modes for the rate, or the numnber of independentintervals
in rate: C(0,B; — B1) is small if 8)and 3, lie in different
intervals. This nuinber has also a practical importance: it
gives the largest spacing inthe rate

Amﬂ = 1 '.ZIJ

1Ng et
we need for a reliable numerical calculation, This suggests
that Ne et == N Np enr is related also to the stability of the
numerical calculation of thelargestamplitude.

Both questions can be addressed with numerical sim-
ulations. We have generated a large number iy of realiza-
tions of a gaussian, uncorrelated time sequence y(1 ) and,
for each of themand for al the available values of the
rate, constructed the coordinates |ye k()% = e x(3) of
the corresponding point 1inthe space }' and evaluated
their maximum 2, for cach spacing

2[
AN,
When Ng increases we expect first the average (a:,,,) over
diflerent realizations to increasc proportionally to In Ny
(sec eq. (26)); whenthe correlation between neighbouring
vaues of gissignificant,(x,, )should reach anasymyptotic
value. The numerical simulations confirin this. The curves
are flat, when Ng= N, corresponding to Ap = 2/17.
Ngen can be estimated asthe abscissa of the knecin the
curve (see Jig. 4). Of course the position of theknec and
Ng et depend on the length of the test sequences; we es-
timate
Nger=~ 03 N. (48)
in the firstinterval we expect {¢q. (26)) (xp,) =1In N 4
in Nga;indeed the threc curvesinkig. 4 difler by =~ 2.

For each spacing in 3 we have also counted the nuimber
K (&) of tunes the point f' lies outside acube of side .

The false alarin probability is then
o= M) (49)
K

We canrclate the two simnulations as follows. kq. (24),
which refers to independent spectral amplitudes, provides
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their number N in terms of a and #; we usc the same
expressionto define, in genera]

r o (- a)
T Infl - exp(-1)) (50)
A s the threshold & inereases, wc expect that this num-
bertends an asymptotic vaue, which wc take to measure
theeffectivenumber Of degrees of freedom of our corre-
lated gaussian variables. This expectation is indeed con-
firmed (Fig. 5) and the asymptotic value is about 0.3 N,
in agreement with the previous estimate. From Fig. 5 we
aso scethat the ratio Neg/N? is roughly independent on
the length N of the test sequences

Fig. 4. The eflect of the change in 1ate resolution A o« 1/Ng
on the largest mean amplitude {(z,,){given in the ordinate) in
a wumerical simulation; the knee corresponds to the eflective
number of degrees of freedom in the rate. ‘Jhe three curves
show aso the eflect of varying the number N of data points
used inthe simulations from 2048 (upper curve) to 1024 and

512 (lower curves).

If a gravitational wave signal
hexp(2n fit 4 inBit?)

is present a the (unknown) ‘true’ frequency f; and ‘true
rate 3, it generates in the appropriate (f, 871) region the
response
hC(f - fu, B -- Bt),

gencrally different from zero (except for # =8, and
f # fi). This is the signal wcrnustlookfor.in Appendix
B we study the shape of this response; in Appendix A
we show, according the Neyman Pearson theorem, that
ry, = maxg{maxx{z.(3)}} is indeed the correct vari-
able to compare with a threshold.

We have analyzed the DSN and VIBI time sequences

with this method. Figure 7 shows the two histograms

Fig. 5. The result of a numerical sitnulation to evaluate the
effect of the chirping variability onthe fase alariu probability:
in the ordinate we plot Ngen /N {eq. (50)), which givesthe
fraction of theindependent values of 3, as a function of the
threshold.

of the probability density function for the dimenston-
less amplitude z; cach 0 f  themn has been obtaining by
combining the diflerent histogramns obtained for different
(positive) values of the rate 3. About Ng=-700 dif-
ferent, equally spaced values of 3 havebeen used. from
B = 3.2910-18 11,72 - 1/(21 2) to By = 2.4010 ~ 'O 1y~ ?.
The upper limit is given by the lincarity condition (43).
The smoothing frequency interval for the computation of
the nornalized amplitude (eq. 20) was chosen equal to
2?10%Hz,i.e. N'= 246.

In this domain the 1) SN sequence has the largest value
of r is 1891, at 8 =1.3810 '"Hz? =1.19y Hz/d and the
frequency (iu the middle of the record) 1.9985 ]0? Hz.
Unfortunately the frequency rate is too low to resolve the
triplet of lines predicted by the theory (eq. 45). Inadata
set with about Ne ¢r= 0,3 x 700 x 65,000 = 1.36510°
degrees of freedomn the occurrence probability of this line
i 8.361072; the factor 0.3 has been obtained with the
numerical sitnulations (eq. (48)). The probab ility for the
second largest line, at x:==18.40,is 0.14, below our 10%
threshold for false alarm.The statistical significance of
the chirp at 2 == 18.91is enhanced try the VLBI sequence;
indeed, at that frequency and rate we find a line with
7=11.39, with a probability 1.1 10~ % Although the two
scquences are partially correlated, it is uulikely that this
line is due to chance.

A more careful analysis shows, however, that the chirp
is probably due to instrumental eflects. We have gencrated
six subsets of the DSNand VLBItiine scquences. Ineach
of them @l the data related to one of the three DSN com -
plexes have been substituted by zeros. Il turns out that
the chirp disappears ouly inthe time sequences (DSN and
VL BI) in which the contributions fromn the Madrid com-
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plex have been edited out; indeed, at the suspect frequency
and rate we find norinalized amplitudes of 2.32 and 1.19.
No significant enhancemen t was found for adjacent values.
On the basis of these results one may exclude a gravi-
tational list.ure of the signal. Asirnilarinstrurnental chirp
was found in previous experiments (Anderson et al. 1993),
although related to the Goldstone complex and with a
muchlarger frequency drift. It would be important for
future experiments and interesting in itself to trace their
origin.

Fig. 6. Histogram of the dimensionless spectrum for the lin-
carly chirped case, for the DSN and the VI Bl time sequences.
The two lines at ¢ > 18 are found in the DSN data and dis-
cussed in the text.

7. Conclusions

It isintercsting to apply these results to the galactic cen-
tre, where, at r =101 pc = 10”sec, a massive black
hiole of mass up to = 2 10° Mg, is likely to sit (Genzel
& Townes 1987, Blitz 1993 and other papers). Note that
our detector had a favourable orientation (O ~ 1090). In
this sect.icr]l weuse as units Hz and Hz? for the frequency
and therate, respectively. From eq. (8), the expected am-
plitude from a binary systein with a period 2/f at the
galacticcentre looks encouraging:

5/3
(f 1000)2/3;

he 8710- - 1
' i 06 Mg, (1)
however, the data arc significant only in a very smalire-
gion in the (f, B) plane.

In the lincar chirp regine, irrespective of the masses,
the time to coalescence is determined by the frequency

anti the rate

3f
to- 1= =" 52
0 87 (52)
hence (eq. (10)) the amplitude is given by
8 B
h= - T ..=62 ~ 15 =
] 347 f3 6.2 10 13 (53)

At SNR = 1 a source cannot produce a line stronger thaun
our measured amplitudes h(f) = \/?S'y(f)/7'1 Since our
data, even in the chirped case, are well represented by eq.
(40), narmely,

h(f)= 310- '€ g-1/4 (40%)

they are relevant only in the region

28> 1 (54)

Fig.7. Therclevantregions Of the (f, 3) plane.Dataarcavail-
able below the upper curve (andiuthesymmetricalregion fo
negative rate. For a sourceinthe galactic centre the condition
SNR = 1 canbe fulfilled only above the line b; the linearity
condition (43') restricts the data below the line a

On the other hand the linearity condition (43') places
an upper bound to the rate andrestricts the regionto a
very small triangle near thelower cut off’ f; = 2.3 1079
Hz. At this cut ofl the significantinterval for the rate is

47107 << 161071,

the lower bound (54) grows faster than the upper bound
(43') and mcets it at the frequency | = 410-4, less than
twice j,. Only in this region (at SNR= 1) we are allowed
to constrain the mass parameter with eq. (51), namely
m < (h10™)3/5(1000)" */°17,000 M, (55)
At the lowest frequency f1 this limit for m is about
60,000 Mg,. If one of the' two miasses, Ay = p, is much
smaller than M, from egs. (7) and (55) we get

po=mPPM T <5800 Mo, (56)

The titne to coalescence, of the order of a fcw years,
is so iow that such a hypothetical source does not have
much astrophysical value. At the orbital period 2/j, the
sermimajor axis is less than1AU. This result was not
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knownwhenthe report less (1 994) was written. A scarch
in ULYSSES data for non linear chirps (case 3. of Sec. 2)
will extendthe analysis above theline b. We expect that,
at SNR =1, a similar bound for the mass parameter will
be obtained; however, a for a given level of confidence,the
enlatgement of the region in the (f, 8) plane will increase
the threshold.

A few general remarks are in order, The precise the-
oretical description of the sources embeds in the gravita-
tional wave data much information about the sources and,
when a positive detection is attained, makes them a pow-
erful tool of research; vice versa, however, if detection is
not attained, it makes more diflicult to place constraints
ont he possible sources. The assumnption of linear chirps we
have made should be waived; of course, however, this im-
plies ashorter lifetime and moreimprobable sources. Also,
the inportance of a taining lower frequencies of observa-
t ion cannot be stressed too tnuch. The search for wave
trains in ULYSSES data would be ynuchimore eflective for
sources nearer than the galactic centre (see Sec. 2), but
we did not pursuc this exotic path.Finally, as stressed
i the pioneering paper by Braginsky and Thorne (1976),
t he Doppler method sceins best suited for the scarch for
wide band p ulses; in a subsequent paper wc shall present
this analysis of ULYSSES’ data, which should marginally
reach the Virgo cluster,

This experiment marks noticeable advances in the
Doppler scarch for low frequency gravitational waves; ex-
ploiting thelong record and using sc}’eral (up to four) ob-
servable quantitics, remarkable progress has beenmade in
the sensitivity and in understanding the noise structure.
More iinportantly, while in previous papers on Doppler
detection the main emphasis was in increasing the sensi-
tivity, here, due to the large of spectral points available,
we have beenable to draw definite conclusions ontherel-
evant astrophysical sources and, therefore, to assess the
limitations of this technique.

Fromthe instrumental point of view themainlimita-
tion of ULYSSES’ experiment was the use of low frequency
carriers, in particular in the up-link, This problem will be
solved withthe CA SSINI mission (to be launched in De-
cember 1'997) to Saturn, which will usc X- and K,-band
in both links (Comorctto et a. 1992). in order to achieve
still better performancesin the mHz band, which could
ensure successful detection according to conventiona as-
trophysical expectations, a dedicated mission, using long
baseline interferometers, is probably needed.

APPENDICES

A. Dectermination of the threshold
for a chirped signal

As explained in See. 3, n order to minimmze the false dis-
missal probability, we should construct inY the *detection

set’ Y, with

dy. w(y.) = a, (A

Y)
in the following way: if wx(y)isthe probability distribu-
tion of the observable quantitieswhenasignalis present,
among the surfaces

(A.2)

we choose the one which fulfills eq. (A. ] ). We show that,
because of the relation betweensignal and correlation, this
i s essentially the same problemn as in the case without
chirp, eq. (36).

In order to concentrate on themathematical structure,
let the indexm = {f, B)stand for the coordinates intheir
appropriate ranges:taking 71=1, f isaninteger arid 3is
an even integer. Accordingly, write 'y, (With C,,,,, = 1)
for C(Af, AB)andy,, for y, +(B)(asin Sec. 6, the noise
amplitudes are assuined to be white and normalized.) The
‘true’ point ist = (fi, 8;). The probability distribution for
the noise is

w(y)x Cc- 9,

where
S
g >_J memnyn;

mn

the hermitean matrix Q. (- Qo ) is the reciprocal of
the correlation matrix

(y:nyn) = ("mn = (Q— ! )nm-

‘I"he response to asigns] of complex amplit Ude his just
hCryy, SO that iuthat case y,, — hC,,, is gaussian, with a
probability distribution

(.13)

wp{y)x €'h ;

here 7
qn . >_J(ym h("ml )* an (yu h("nl)~

mn
The fact that the response function is just the correla-
tion matrix makes things simple and, because of eq.{A.3),
leads to

g o= g Ky hy) 4 (RS
¥ is the observed amplitude a the ‘true’ frequency and
rate. In computing the ratio (A.2) o< exp(2)h]|yi| cos x) we
mustnow average over the (unkunown!) relative phase of
the wave x and obtain, simnilarly as in Sec. 3,

wh(y)
w(y)

We sec that the level surfaces,and hience the strategy of
decision, depends only onthe size of thelargest spectral
amplitude produced by the signal, |y,

If both the frequen cy and the chirp rate have equal

= exp(=|h[*) 1o (2]h]|y).

a prion PIOL,ability, we must also average, Wit h uniform
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weight, the probability w(y) over al vaues of ¢, obtaining
the same equation (36) as before. With the same approx-
imation we take the ‘detection set’ to be the complement
of the cubeinthe space of the norinalized spectra, with a
side #zis determined by the confidence level.

1BB. The correlation function for the chirped vari-
ables

We have estimated the correlation function of the chirped
noisc data
1/2
C(ASf,Ap) / dt exp(- niAB - 2niAft). (B.1)
—1/2
If 77, the duration of the record, is the unit of time, fand
B/2 are integers {gencrally very large)inthe domain (41).
By completing the sguare in the exponent, this func-
tion can be evaluated interins of Fresnel integrals c(2)
and §(z), with

E(z)=C(2) +iS(z) = /02 duexp (’%“2)

(Abramowitz & Stegun 1965). This is an odd function of
the complex variable 2, with the asymptotic expression

(B.2)

‘ 144 i Ep 1
E(2) = g T e (2;2—21) 10 (;3) . (B3)
We obtain:
, {AN*Y 1 :
C(Af, Ap) = cxp(t---'Aﬂ*)-\/_-m»ﬁ[la(w)4 19(:[;):)

with the arguments

[ ap 2

ui_\/- ‘2:}AI\/'A)3'

When A = O werecover directly from eq.(B.2)
C(Af,0)=0 if AfF#0
C(AJ,0) = 1if Af= O,

Consider now the expression in the square bracket of
eq.(B.4)in the genera case, in which both arguments of
the function F(2) arc large. There are two possibilities. If
|AB}>>|Af] the two arguments are almost cqual and the

square bracket is amost 1 i, twice the asymiptotic value,
yielding

A (1.5)

2
a9 = e (m3)

with fractional corrections of order Af/(AB)%%.
Instead, if [Af] >> |AB|, the two Fresnel exponentials
alimost cancel and the square bracket reads

F(z462)- E(2 —é2) =

3

1
. ;:';eiu’ﬁ Klf:) cinsde . 3 1 179 121

with S
2 Ap
= Af - -5 622 4] 07

¢ f4 Af’ : \/ 2

Since 262 = Af is an integer,

ixzbe

o NP LY 2. 2isin(nAf) =0

and .
anéz 4 C*”“’éf -;2(‘05(7(.’3!): 2(" )AJ

Therefore
E(z4 82) - E(z — 62) = (-)8/ 2iée exp (i—” :"))
7z

and hence, fromeg. (B.4)

IAp
CAS,AB) = — -0 (),

(AS,AB) n(L\f)?( )
In both approximations the phase of the correlation func-
tion changes very rapidly from mnode to mode.

(1.6)
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